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TOPOLOGY AND COMPLEX STRUCTURES OF LEAVES
OF FOLIATIONS BY RIEMANN SURFACES
NESSIM SIBONY AND ERLEND FORNÆSS WOLD
Abstract. We study conformal structure and topology of leaves of
singular foliations by Riemann surfaces.
1. introduction
The question about the topological types of leaves in a lamination has
been addressed in several important works. The first striking result is due to
Cantwell-Conlon [6] and asserts that any open surface is a leaf of a compact
nonsingular lamination.
On the other hand Ghys [16] has considered the following situation. Let
(X,L) be a compact non-singular lamination by surfaces, and let µ be a
harmonic measure for X, as constructed in [14]. Then µ-almost every leaf
is of one of the following six topological types: a plane, a cylinder, a plane
with infinitely many handles attached, a cylinder with infinitely many han-
dles attached, a sphere with a Cantor set taken out, or a sphere minus a
Cantor set with a handle attached to every end. Ghys uses ergodic theory -
Brownian motion with respect to µ.
Cantwell-Conlon [5] obtained the topological analogue of Ghys’ Theorem,
i.e., if the lamination is minimal there is a Gδ-dense set of leaves of one of
the six types described by Ghys.
Here we address the problem of finding conditions for a generic leaf to
be a holomorphic disk, and study the conformal structure of leaves in a
singular foliation. We are motivated by a conjecture of Anosov: for a generic
polynomial foliation on P2, all but countably many leaves are disks (see e.g.
Ilyashenko [20]).
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Our main concern is holomorphic foliations on Pk. Generically, such a
foliation does not admit a nontrivial directed image of the complex plane,
and in particular, all leaves are hyperbolic, i.e., they are universally covered
by the unit disk. This allows us to introduce several functions on X \ E,
that for a point z ∈ X \ E measure how much the leaf passing through z
looks like the unit disk, observed from the point z.
For instance, if we let k(z, v) denote the leafwise Kobayashi metric, and
kι(z, v) the leafwise injective Kobayashi metric (defined completely analo-
gously to k), we set ρ(z) := k(z, v)/kι(z, v). Then 0 < ρ ≤ 1, and ρ(z) = 1
if and only if the leaf passing through z is the disk (see Section 2 for more
details).
Theorem 1.1. Let (X,L, E) be a Brody hyperbolic holomorphic foliation on
a compact complex manifold X of dimension d = 2, where the singular set
E is finite. Assume that there is no compact leaf, and that all singularities
are hyperbolic. Suppose that there is a sequence {zj} ⊂ X \E of points such
that ρ(zj) → 1, and zj → z ∈ X \ E. Then there is a nontrivial minimal
closed saturated set Y ⊂ X such that all but countably many leaves in Y are
disks.
The proof of Theorem 1.1 uses ergodic theory, and will in fact, granted
the assumptions, produce a directed positive ∂∂-closed current T , such that
all but countably many leaves in Supp(T ) are disks.
Recall that a foliation is Brody hyperbolic if it does not admit a nontrivial
holomorphic image of the complex plane directed by the foliation, possibly
passing through the singularities. For a generic foliation on Pk of degree
d > 1, there is no compact leaf, all singularities are hyperbolic, all leaves
are hyperbolic, and by Brunella [2], there is no directed closed current. In
particular it is Brody hyperbolic.
The function ρ is only lower semicontinuous, so the assumption above
does not imply ρ(z) = 1. When a singular point p ∈ E is hyperbolic, there
is always a sequence zj → p such that ρ(zj) → 1, see Example 6.5. It is
conjectured that for X = P2, generically the foliation (X,L, E) is minimal,
in which case Y = X.
Note that for X = P2, generically there is a unique minimal saturated set
Y˜ ⊂ X, due to the unique ergodicity theorem proved in [10]. In that case
Y = Y˜ although there is no assumption that z ∈ Y˜ .
A consequence of Theorem 1.1 is that either all leaves are far away from
resembling the disk, or all but countably many leaves are disks. We have
the following dichotomy:
Theorem 1.2. Let (X,L, E) be a Brody hyperbolic holomorphic foliation on
a compact complex manifold X of dimension d = 2, where the singular set
E is finite. Assume that there is no compact leaf, and that all singularities
are hyperbolic. Then either
3(i) there is a minimal closed saturated set Y ⊂ X such that all but
countably many leaves in Y are disks, or
(ii) the limit set ΛL associated to any leaf L is equal to b△.
Recall that if Γf is the Deck-group associated to a universal covering map
f : △→ L, then Λf is the cluster set of {γ(0)}γ∈Γf . The limit set ΛL of the
Riemann surface L is well defined modulo conformal transformations of △.
In Section 5 we will strengthen this result.
We remark that recently, Goncharuk-Kundryashov [17] have constructed
examples of foliations on P2 with the line at infinity invariant, such that all
leaves have infinitely many handles. In this case, all leaves except the line
at infinity are contained in C2.
2. Metrics and functions on Riemann surface laminations
2.1. The Kobayashi Metric. Let L be a Riemann surface. The Kobayashi
pseudo-metric k(z, v) is defined as follows. For z ∈ L and v ∈ TzL we set
k(z, v) = inf{ 1|λ| : ∃f : △→ L, f(0) = z, f
′(0) = λv}, (2.1)
where f ranges over all holomorphic maps. This metric is non-degenerate if
and only if L is hyperbolic, i.e., if L is universally covered by the unit disk
△. In this case, a universal covering map f : △ → L is a local isometry
with respect to the Poincare´ metric, i.e.,
f∗k(ζ) =
1
1− |ζ|2 |dζ|. (2.2)
2.2. The Injective Kobayashi Metric. The injective Kobayashi pseudo-
metric kι(z, v) is defined as follows. For z ∈ L and v ∈ TzL we set
kι(z, v) = inf{ 1|λ| : ∃f : △→ L, f(0) = z, f
′(0) = λv}, (2.3)
where f ranges over all injective holomorphic maps.
2.3. The Suita Metric. Assume for a moment that the Riemann surface
L is hyperbolic in the sense of Ahlfors, i.e., that L carries Green’s functions.
For a point z ∈ L we let Gz(x) denote the negative Green’s function with
pole at z. In a local coordinate system w with w(z) = 0 we may write
Gz(w) = log |w|+ hz(w), (2.4)
with hz harmonic. In local coordinates z on L the Suita metric s(z, v) is
defined by cα(z)|dz| = exp(hz(0))|dz|. If L does not support a Green’s
function we set cα ≡ 0.
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2.4. Some functions on Riemann surfaces. We now define some func-
tions with values in [0, 1], and which achieve the value one at a point z ∈ L
if and only if L is the unit disk. We let f : △ → L be a universal covering
map with f(0) = z, and we let Γ denote the associated Deck-group.
ρ(z) :=
k(z, v)
kι(z, v)
, (2.5)
α(z) :=
s(z, v)
k(z, v)
, (2.6)
β(z) := min{|γ(0)| : γ ∈ Γ}. (2.7)
These functions have concrete geometric interpretations. Note first that by
Hurwitz Theorem and a normal family argument there exists an injective
holomorphic map g : △ → L, g(0) = z, that realises kι, and a universal
covering map f realises k. Then g can be factored through f , i.e., there exists
an injective holomorphic h : △ → △, h(0) = 0, such that f(h(z)) = g(z).
By the chain rule we see that
ρ(z) = h′(0). (2.8)
For an interpretation of α we have by Myrberg’s theorem [21],[26] that
Gz(f(ζ)) =
∑
γ∈Γ
log | ζ − γ(0)
1− γ(0)ζ |. (2.9)
In the coordinate system given by f we have that k(z, v) = |v|, and it follows
that
α(z) = Πγ 6=id|γ(0)|. (2.10)
So α(z) is the product of the Mo¨bius lengths of the shortest elements in each
homotopy class based at z. Finally, β(z) is the shortest length occuring in
this product, i.e., the length of the shortest non-trivial loop based at z.
Example 2.1. Let Y be a compact Riemann surface, and let Ω ⊂ Y be a
domain. We define the metrics on the Riemann surface Ω. Set K = Y \ Ω,
and let K1 ⊂ K be a compact set with K \K1 closed. Assuming that K1
has logarithmic capacity zero, then limz→K α(z) = 0 (the simplest example
would be if K1 is an isolated point). Assuming that limz→K1 β(z) = 0 we
will also have ρ(z), α(z) → 0. Convergence of α(z) is clear since α < β.
To see the convergence of ρ we let zj → z0 ∈ K1, we let fj : △ → Ω be a
universal covering map with fj(0) = z, and we let gj : △ → Ω be injective
holomorphic with hj(0) = z and κι(z) = |h′(0)|−1. Let hj : △ → △ factor
gj through fj, i.e., we have that gj = fj ◦ hj , so that |h′j(0)| = ρ(zj). Since
β(zj) → 0 we see that fj cannot be injective on disks of radius rj where
rj → 0, and so by Lemma 2.3 we have that ρ(zj)→ 0.
We have further the following relations between the functions.
5Proposition 2.2. Let L be a hyperbolic Riemann surface and let {zj} ⊂ L
be a sequence of points. Then
α(zj)→ 1⇒ β(zj)→ 1⇔ ρ(zj)→ 1. (2.11)
Moreover, if g denotes any of the three functions, the following holds: For
any δ > 0 (small) and R > 0 (large) there exists ǫ > 0 such that if L is any
Riemann surface, and z ∈ L with g(z) ≥ 1 − ǫ, then g(y) ≥ 1 − δ for all
y ∈ L with dK(z, y) ≤ R.
Proof. The first implication is clear since α < β. For the second right
implication, fix a universal covering map f : △ → L with f(0) = z, and fix
γ ∈ Γ such that β(z) = |γ(0)|. Set
b =
1
2
log(
1 + β(z)
1− β(z) ), (2.12)
i.e., the Kobayashi length from 0 to γ(0). By the triangle inequality Γ
cannot identify points in a disk of Kobayashi radius b/3, hence f is injective
on the disk centred at the origin of radius
i(β(z)) :=
(1 + β(z))
1
3 − (1− β(z)) 13
(1 + β(z))
1
3 + (1− β(z)) 13
. (2.13)
So
ρ(z) ≥ i(β(z)). (2.14)
For the last implication, we again fix a universal covering map at a point z,
and we fix an injective h : △→ △ with h(0) = 0 such that ρ(0) = h′(0). By
the following lemma we see that
β(z) ≥ (1−
√
1− ρ(z)2
ρ(z)
)2 (2.15)
Lemma 2.3. Let h : △→ △ be a holomorphic map with h(0) = 0, and set
λ = |h′(0)|. Then △r ⊂ h(△) with
r = (
1−√1− λ2
λ
)2 (2.16)
Proof. Assume that −r /∈ h(△), r > 0, and set φ(ζ) = ζ+r1+rζ , and then g(ζ) =
φ(h(ζ)). Then g(0) = r. Let f the square root of g such that f(0) =
√
r, set
ψ(ζ) = ζ−
√
r
1−√rζ , and then q(ζ) = ψ(f(z)). Now g
′(0) = (1 − r2)λ, and since
(f · f)′(0) = 2f(0)f ′(0) and ψ′(√r) = 1/(1 − r) we get that
q′(0) =
(1 + r)λ
2
√
r
≤ 1⇔ λr − 2√r + λ < 0, (2.17)
by Schwarz Lemma. The expression on the right is zero when
√
r =
2±√4− 4λ2
2λ
. (2.18)

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Finally we consider the last claim. If g is equal to ρ or β, it suffices by
(2.14) and (2.15) to prove the claim for either of them. For g = β this is a
simple consequence of the triangle inequality.
For g = α we fix x ∈ L and let f : △ → L be a universal covering map.
Then by (2.10)
α(f(ζ)) = Πγ 6=id| ζ − γ(ζ)
1− γ(ζ)ζ | = Πγ 6=iddM(ζ, γ(ζ)), (2.19)
where dM denotes the Mo¨bius distance on△. Letting dP denote the Poincare´
distance on △ this can be rewritten as
α(f(ζ)) = Πγ 6=id
e2dP(ζ,γ(ζ)) − 1
e2dP(ζ,γ(ζ)) + 1
. (2.20)
If we set r = e
2R−1
e2R+1
we have that |ζ| < r for all ζ with f(ζ) = y with
dP(x, y) < R. By the triangle inequality we have that
dP(ζ, γ(ζ)) ≥ dP(0, γ(ζ)) − dP(0, ζ) ≥ dP(0, γ(ζ)) −R, (2.21)
and furthermore
dP(0, γ(ζ)) ≥ dP(0, γ(0)) −R. (2.22)
It follows that
α(f(ζ)) ≥ Πγ 6=id e
2dP(0,γ(0))e−4R − 1
e2dP(0,γ(0))e−4R + 1
= Πγ 6=id(1− 2
e2dP(0,γ(0))e−4R + 1
)
Fix δ˜ > such that α(f(ζ)) > 1− δ if logα(f(ζ)) > −δ˜. Now
log(α(f(ζ))) ≥
∑
γ 6=id
− 4
e2dP(0,γ(0))e−4R + 1
≥
∑
γ 6=id
− 8e
4R
e2dP(0,γ(0)) + 1
(2.23)
if ǫ > 0 is small enough. On the other hand
log α(f(0)) =
∑
γ 6=id
log(1− 2
e2dP(0,γ(0)) + 1
) ≤
∑
γ 6=id
− 1
e2dP(0,γ(0)) + 1
, (2.24)
and so
logα(f(ζ)) ≥ 8e4R log α(f(0)), (2.25)
which is greater than −δ˜ if ǫ > 0 is small enough. 
The values of the functions α, β and ρ at a point z on a Riemann sur-
face X, can be regarded as measuring how much L resembles the unit disk
observed from the point z. Indeed, each of them take values in the unit
interval, and α(z) = 1 for a point z ∈ L if and only if L is biholomorphic to
the unit disk. On the other hand, there are many Riemann surfaces L for
which the quantity
sα(L) := sup
z∈L
{α(z)} (2.26)
7is equal to one. For instance we have the following.
Lemma 2.4. Let Γ be a Fuchsian group such that the limit set Λ(Γ) is
different from b△, and let L = △/Γ denote the underlying Riemann surface.
Then sα(L) = 1.
Proof. Fix θ such that eiθ /∈ Λ(Γ). By (5.5) below there exists a constant
C > 0 such that α(f(reiθ)) ≥ C(1 − r), where f : △ → X denotes the
universal covering map (in fact the constant C depends only on the distance
to the limit set). 
We remark that when Λ(Γ) 6= b△, then Γ is of convergence type, or
equivalently, △/Γ supports a non-trivial bounded subharmonic function.
The reason is that if p ∈ b△\Λ(Γ), the group Γ cannot identify points near
p, and so it is easy to construct Γ-invariant subharmonic functions.
In the final section we will construct a further example where Λ(Γ) = b△
but still sα(L) = 1 where L = △/Γ.
2.5. Riemann surface laminations. We will be interested in the metrics
and functions defined above in the setting of laminations by Riemann sur-
faces. Recall that a non-singular lamination (X,L) in a complex manifold
M is a closed subset X ⊂M such that for each point p ∈ X, there are local
coordinates φ(x) = (z, w) ∈ △×△n−1 near p, and a closed subset T ∈ △n−1
such that φ(Up∩X) is a disjoint union of holomorphic graphs (z, gt(z)) with
gt(0) = t ∈ T . Moreover gt varies continuously with t (the last assumption
is unnecessary if n = 2 in which case gt is automatically almost Lipschitz).
The concept of a lamination generalises to that of an abstract lamination.
An abstract lamination by Riemann surfaces (X,L) is a locally compact
topological space X covered by charts Ui with embeddings φi : Ui →△×Ti,
and continuous transition mappings
(z, t)→ (z′(z, t), t′(t)), (2.27)
with z′(z, t) holomorphic in z. Depending on the transversals Ti one can also
consider higher transverse regularity. Finally a singular Riemann surface
lamination (X,L, E) is a compact topological space X with E ⊂ X a finite
set of points, X \ E is a non-singular lamination, and for each point p ∈ E
there exists an open neighbourhood Up of p, and a homeomorphism φp from
Up onto a closed set Y ⊂ Bn with φp(p) = 0, where Y \{0} is a non-singular
lamination, and φp is holomorphic along leaves.
From now on we will consider compact Riemann surface laminations
(X,L, E). Outside of E we have that X can be equipped with a leafwise
hermitian metric ω, to obtain a refined structure (X,L, E, ω). Near a sin-
gular point p ∈ E we will always assume that such a metric is comparable
to φ∗pωE, where ωE is the euclidean metric.
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The main examples we have in mind are laminated sets in compact com-
plex manifolds, in particular in P2, and laminations constructed as suspen-
sions or towers of compact Riemann surfaces, see e.g. [11], [13], [15] and
references in there.
From now on we assume that all leaves of a lamination are hyperbolic.
Then the Kobayashi metrics, Suita metric, and the functions ρ, α, β can be
defined along the leaves of (X,L, E). Recall that the Suita metric is set
to be zero on a Riemann surface that does not support a Green’s function.
However, a leaf not supporting a Green’s function would give rise to a pos-
itive closed current [22]. So by [2], for a generic foliation on Pk of degree
d > 1, the Suita metric is non-degenerate on all leaves.
Lemma 2.5. Let (X,L, E) be a compact hyperbolic Riemann surface lami-
nation. Assume that there is no non-constant holomorphic map f : C→ X
weakly directed by L, and assume that all singularities are hyperbolic. Then
the following holds:
(i) ρ is lower semi-continuous, and continuous on all leaves without
holonomy.
(ii) α is upper semi-continuous on all leaves without holonomy.
(iii) β is lower semi-continuous, and continuous on leaves without holo-
nomy.
Proof. First, lower semi-continuity in (i) follows from Proposition 3.3 since
k(z, v) is continuous, and injective holomorphic maps will lift to nearby
leaves. Next, assume to get a contradiction that there is a point z0 on a leaf
L0 without holonomy at which ρ is not upper semicontinuous, i.e., kι(z, v)
is not lower semi-continuous. Then there exists a sequence zj ⊂ Lj with
zj → z0, and limj→∞ kι(zj , v) < kι(z0, v). If we let fj : △→ Lj realise kι at
zj for j = 0, 1, 2, 3, ..., this means that limj→∞ |f ′j(0)| > |f ′0(0)| (evaluated in
some local coordinates). Since {fj} is a normal family, we may assume that
fj → f˜0 uniformly on compacts. Then |f˜ ′0(0)| > |f ′0(0)| and so f˜0 cannot
be injective. Choose distinct points a, b ∈ △ such that f˜0(a) = f˜0(b), and
let l be the straight line segment between a and b. Then f˜0(l) is a closed
loop in L0, and f˜j(l) would determine a lifting of this loop to an open curve
for j large, a contradiction to the fact that L0 is without holonomy, i.e, a
any compact in L0 has a fundamental neighborhood system with product
structure (see [8], [19] and Proposition 3.3 below).
To show (ii), fix a point w ∈ L where L is a leaf without holonomy. Since
k(z, v) is continuous it suffices to show that cβ is upper semi-continuous
at w. For ǫ > 0 choose a smooth domain Y ⊂ L with w ∈ Y such that
cα,Y (w) < cα(w)+ǫ. By Proposition 3.3 the foliation has a product structure
Y ×T near Y and so for any leaf Lt near L there is a domain Yt ⊂ Lt such that
cα,Yt(wt) < cα(w)+2ǫ for wt close to w. Since the Suita metric is decreasing
9with respect to increasing domains, this gives the upper semi-continuity of
α.
To show (iii), note first that β is lower semi-continuous by the continu-
ity of the Kobayashi metric and continuity of the universal covering maps
after appropriate normalisation. For the last claim, fix a point w on a leaf
Lt, t ∈ T , without holonomy, and let f : △ → Lt be a universal covering
map. Let ǫ > 0 be small, and let Y ⊂ Lt be a smooth domain such that
f(△|γ(0)|+ǫ) ⊂ Y . By Proposition 3.3 there is a product structure near Y and
since the universal covering maps may be chosen to vary continuously, there
are sequences of points aj → 0 and bj → γ(0) such that ftj (aj) = ftj (bj)
when tj → t. This means that there are elements γj in the Deck-groups
such that γj(aj) = bj, hence γj(0)→ γ(0). 
Proposition 2.6. Let (X,L, E) be a foliation on Pn , and assume that all
singularities are hyperbolic. Then there exists a δ > 0 such that β(z) ≥ δ if
z ∈ Pn \E, unless z is on a separatrix and is close to E.
Proof. For such a foliations all leaves are hyperbolic, and the Kobayashi
metric is continuous (see [3] and the survey [11]). Near any point p ∈ E, all
leaves except finitely many separatrices are simply connected. So in local
coordinates where p = 0, there are 0 < δ1 < δ2 << 2 such that if z ∈ Bδ1(0),
not on a separatrix, then any nontrivial loop based at z will have to leave
Bδ2(0), and so the length of such a curve is bounded away from zero. 
Proposition 2.7. Suppose (X,L, E) is a compact minimal Brody hyperbolic
Riemann surface lamination, and assume that all singularities are hyper-
bolic. Assume that one leaf is a disk. Then a generic leaf is a disk, and for
any leaf L there exists a sequence zj ∈ L with zj → z0 /∈ E, and
lim
j→∞
β(zj) = lim
j→∞
ρ(zj) = 1. (2.28)
Proof. For each n we have that the set Un = {ρ > 1− 1/n} is open by lower
semi-continuity of ρ, and by minimality we have that Un is dense. So ∩nUn
is a dense Gδ set on which ρ ≡ 1, and so the corresponding leaves are disks.
Furthermore, any leaf L will have to cluster onto a disk away from E, and
lower semi-continuity implies (2.28). 
We may now also define the functions sα,β,ρ(X) on a Riemann surface
lamination X; we simply take the suprema over all leaves.
Proposition 2.8. Suppose (X,L, E) is a compact Brody hyperbolic Rie-
mann surface lamination, and assume that all singularities are hyperbolic.
Then if L is a dense leaf we have that sρ(X) = sρ(L) and sβ(X) = sβ(L).
Proof. This follows by lower semi-continuity of the functions ρ and β. 
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3. Product structures on laminations by complex manifolds
In this section we give some basic results about holomorphic maps into
holomorphic foliations, and product structures on leaves without holonomy.
As observed in [11], for foliations on complex manifolds, these results follows
by a construction due to Royden [25]; our emphasis here is on abstract
laminations.
Definition 3.1. A complex manifold M is a Stein manifold if M admits a
strictly plurisubharmonic exhaustion function ρ. A compact set K ⊂ M of
a complex manifold M is a Stein compact if it has a fundamental system of
open Stein neighbourhoods.
Definition 3.2. A pair (A,B) of compact subsets in a complex manifold
X is a Cartan pair if the following holds
(i) A,B,D = A ∪B and C = A ∩B are Stein compacta, and
(ii) A \B ∩B \A = ∅.
Proposition 3.3. Let (X,L) be a lamination by complex manifolds of di-
mension d on a metric space X. Fix a local transversal T and a point t0
in T . Let M be a Stein manifold with a strictly plurisubharmonic Morse
exhaustion function u, and let Mc = {u ≤ c} be a smooth simply con-
nected sublevel set. Then for any holomorphic immersion f : Mc → Lt0
with t0 ∈ f(Mc), there exists an open neighbourhood T ′ ⊂ T of t0 and a
continuous map F : Mc × T ′ → X such that
(i) Ft :Mc × {t} → Lt is holomorphic for all t, and
(ii) Ft0 = f .
Furthermore, if Y0 ⊂ Lt0 is a strictly psedoconvex domain with boundary and
without holonomy and t0 ∈ Y0, there exists an open neighbourhood T ′ ⊂ T
of t0 and a continuous map F : Y0 × T ′ → X such that
(iii) Ft : Y0 × {t} → Lt is a holomorphic embedding for all t, and
(iv) Ft0 = ι, where ι is the inclusion map.
Proof. Let Ak be a finite sequence of compact strongly pseudoconvex do-
mains with Ak+1 = Ak ∪Bk, such that (Ak, Bk) is a Cartan pair for each k,
and Mc = ∪kAk. If {sj}, j = 1, ...,m, are the singular values of u less than
c, and 0 < ǫ << 1, each sublevel set {u ≤ sj − ǫ} will occur as Ak for some
k, and in that case Bk will be a topological p-cell, p being the Morse index of
u at the critical point, such that Ak+1 is diffeomorphic to {u ≤ sj + ǫ}. For
any other Ak, the set Bk will be a small ”bump” on Ak, such that Ak ∩Bk
is connected, and Ak+1 is diffeomorphic to Ak. Furthermore, we ensure that
f(A1) is contained in the flow box B
d × T1, T1 = T , f(Bk) is contained in
a flow box Bd × Tk for all k, and that f is injective on A1 and on each Bk
(see e.g. [9], 3.10 and 5.10 for details on the existence of such a family of
bumps).
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We will prove, by induction on k, that there are transversals T k ⊂ T
such that (i) and (ii) holds with Mc replaced by Ak and T
′ replaced by T k.
This is clearly the case for A1 and T
1 = T1, since we can lift f inside the
flowbox.
Assume now that (i) and (ii) hold for the pair (Ak, T
k), i.e., we have
constructed a map Fk : Ak × Ik → X satisfying (i) and (ii). First we will
construct a local lifting Gk+1 of f : Bk → Bd × Tk+1. For each t ∈ T k
the map Gk+1 : Ak ∩ Bk → X will determine which leaf we should lift
to in the flow box, and then we lift using the projection in the flow box.
This is where simply connectedness is used in the case where attaching Bk
corresponds to attaching a 1-cell. The maps Fk and Gk+1 do not match, but
γt(·) = G−1k+1 ◦ Fk(·, t) converges to the identity on a neighbourhood of Bk
as t → t0. By Theorem 8.7.2 in [9] there exist an open set U ⊃ Ak and an
open subset V ⊃ Bk such that for t close enough to t0, there are continuous
families of injective holomorphic maps αt : U → M,βt : V → M such that
βt ◦ α−1t = γt near Ak ∩ Bk, and αt0 = βt0 = id. Then the maps Ft ◦ αt
and Gt ◦ βt fit together near Ak ∩Bk to form a map Fk+1(·, t) as long as T
belongs to a transversal T k+1 contained in a small neighbourhood of t0.
Finally, the existence of a map F satisfying (iii) and (iv) is proved in
exactly the same way, inductively constructing liftings of Ak where (Ak, Bk)
is a family of ”bumps” on Y0; the absence of holonomy makes sure that the
leafs match when attaching Bk corresponds to crossing a singular point of
Morse index one. 
4. Proof of Theorem 1.1
We will now prove Theorem 1.1.
Theorem 4.1. Let (X,L, E) be a be a Brody hyperbolic holomorphic fo-
liation on a compact complex manifold X of dimension d = 2, where the
singular set E is finite, Assume that there is no compact leaf, and that all
singularities are hyperbolic. Suppose that there is a sequence {zj} ⊂ X \E of
points such that ρ(zj)→ 1, and zj → z ∈ X \E. Then there is a nontrivial
closed minimal saturated set Y ⊂ X such that all but countably many leaves
in Y are disks.
Note that E might be empty, in which case the assumption zj → z is
unnecessary.
Remark 4.2. It is seen from the proof below, that if we add some extra
conditions, similar results hold also for d > 2, and for for compact Riemann
surface laminations (X,L, E). For a holomorphic foliation (X,L, E) we add
the condition that there is no positive directed ∂∂-closed current T , whose
support contains only leaves with holonomy in (X,L, E). For a compact
Riemann surface lamination (X,L, E), we assume in addition that the lam-
ination is minimal, in which case Y = X, and replace ”all but countably
many leaves” by ”a residual set of leaves”.
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Proof. Let f : △ → X be a universal covering map with f(0) = z. For
0 < r < 1 we define a (1, 1)-current Gr on △ by setting
〈Gr, α〉 :=
∫ ∫
△
log+
r
|ζ|α, (4.1)
and we set Tr = f∗Gr. Then Tr is a positive current of bidimension (1, 1).
By Theorem 5.3 in [12] we have that ‖Tr‖ → ∞ as r → 1, i.e.,
lim
r→1
∫ ∫
△
log+
r
|ζ|f
∗ω =∞. (4.2)
By Proposition 2.2 we may choose a sequence k(j) such that if fj : △→ X
is a universal covering map of the leaf passing through zk(j) sending 0 to
zk(j), then β(fj(ζ)) > 1− 1/j for all |ζ| < 1 − 1/j. Furthermore, k(j) may
be chosen such that fj approximates f arbitrarily well on △1−1/j , and so
we have that
lim
j→∞
∫ ∫
△
log+
1− 1/j
|ζ| f
∗
j ω =∞. (4.3)
So if we set Tj := fj∗G1−1/j we have that ‖Tj‖ → ∞ as j → ∞ and that
β(z) > 1− 1/j for all z in the support of Tj . Let T be any cluster point of
{Tj/‖Tj‖}. Then T has mass one. Since the masses of ∂∂Tj are uniformly
bounded the current T is ∂∂-closed, and so its support is a sub-foliation of
(X,L, E). The current T admits in a flow-box a decomposition
〈T, ω〉 =
∫
(
∫
△t
htω)dµ(t) (4.4)
where ht is harmonic for each t on the transversal, and since the foliation
has no closed leaf, the measure µ is diffuse.
Let Y ⊂ X be a minimal foliation on Supp(T ). Then, since Y is not a
single compact leaf, there are uncountably many leaves in Y . Moreover, the
leaves with holonomy in (X,L, E) form a countable set. This follows from
[8] since leaves with holonomy correspond to fix points for the holonomy
pseudogroup, which is countable since we are in the holomorphic category,
and the transversal is one dimensional.
Fix a leaf L without holonomy in Y and a point w ∈ L. By the con-
struction there exists a sequence of points wj ∈ X \ E such that wj → w
and β(wj)→ 1 as j →∞. By the upper semi-continuity of β we have that
β(w) = 1. Hence all leaves without holonomy in Y (resp. in Supp(T )) are
disks.

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5. Proof of Theorem 1.2
We will give in this section a stronger version of Theorem 1.2, but first
we give a proof of Theorem 1.2 using Theorem 1.1.
Proof of Theorem 1.2: Assume that there exists a leaf L with a universal
covering map f : △ → L such that the limit set Λ(Γf ) 6= b△. In that case,
we may assume that the segment {eiθ, θ ∈ Is}, Is = [−s, s], does not intersect
Λ(Γf ) for some s > 0. By the proof of Theorem 5.3 in [12] we cannot have
that limr→1 f(reiθ) ∈ E for all θ ∈ Is, and so in particular there is a θ0 ∈ Is
and rj → 1, such that dist(f(rjeiθ0), E) ≥ ǫ > 0, measured by some given
metric on Pn. We will show that limj→∞ α(f(rjeiθ0)) = 1, in which case
Theorem 1.2 follows by Theorem 1.1 and Proposition 2.2.
Recall that
α(f(z)) = Πγ 6=id| z − γ(z)
1− γ(z)z |. (5.1)
Now, by [23], (3.8), we have for any γ that
log |1− γ(z)z
z − γ(z) | ≤
(1− |z|2)2(1− |γ(0)|2)
|γ(0)|2|z − ζ1|2|z − ζ2|2 , (5.2)
where ζ1 and ζ2 are the two fixed points of Γf . All these fixed points are in
Λ(Γf ), and so
log |1− γ(re
iθ)reiθ
reiθ − γ(reiθ) | ≤ C(1− r
2)2(1− |γ(0)|2), (5.3)
for all θ ∈ Is and C > 0 fixed. That the leaf L carries a Green’s function is
equivalent to Γf being of convergence type, i.e., we have that∑
γ 6=id
1− |γ(0)| <∞, (5.4)
and so
− logα(f(reiθ)) ≤ C ′(1− r2) for θ ∈ Is. (5.5)

Before giving a strengthening of Theorem 1.2, we give a corollary to it.
Corollary 5.1. Let (X,L) be a Brody hyperbolic holomorphic foliation on
a compact complex manifold X of dimension d = 2. Assume that no leaf is
compact, and that all singular points are hyperbolic. Then if there exists a
leaf L of finite genus and with countably many ends, there is a minimal set
Y ⊂ X such that a generic leaf in Y is a disk.
Proof. By [18] such a leaf is biholomorphic to subset of a compact Riemann
surface, all of whose boundary components are smoothly bounded or points.
Since there are only countably many boundary components there has to
be an isolated component. This component cannot be a point, because
there would be arbitrarily Kobayashi-short nontrivial curves, hence there is
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a smoothly bounded isolated boundary component. This implies that the
limit set of the group associated to a universal covering map of L is not
everything. 
Theorem 5.2. Let (X,L, E) be a Brody hyperbolic holomorphic foliation on
a compact complex manifold X of dimension d = 2. Assume that there is no
compact leaf and that all singularities are hyperbolic. Assume further that
there is a leaf L with universal covering map f : △→ L, and a set F ⊂ b△
of positive measure, such that at each point ζ ∈ F there is a horocycle
Dζ = Dr((1− r)ζ), 0 < r < 1, r = r(ζ), (5.6)
on which f is injective. Then there is a minimal set Y ⊂ X such that all
but countably many leaves in Y are disks.
A consequence of the Theorem is that the structure of some ”complicated”
leaves, imply that generic leaves are discs. In the final section we will give
an example of a Riemann surface △ f→ △/Γ such that Λ(Γ) = b△, but there
is a set F ⊂ b△ of full measure, on which there are injective horocycles for
f .
Proof. For each ζ ∈ b△ we set
σ(ζ) := sup{0 < r < 1 : f is injective on Dr((1− r)ζ)}. (5.7)
Then σ is upper semi-continuous by Hurwitz’ Theorem, and so each set
En := {ζ : σ(ζ) ≥ 1/n} is measurable and closed. So there is a set EN of
positive measure.
We will now construct a sequence of ∂∂-closed currents Tj and a sequence
rj → 1 such that β ≥ rj at all points on all leaves without holonomy in
Supp(Tj). Then if T is any cluster point of {Tj}, by upper semi-continuity
of β we have that β ≡ 1 on all leaves without holonomy in Supp(T ).
Lemma 5.3. Let ζ ∈ EN . Then for all n > N we have for z ∈ D1/n((1 −
1/n)ζ) that
β(f(z)) ≥
n(2−1/n)
N(2−1/N) − 1
n(2−1/n)
N(2−1/N) + 1
=: M(N,n). (5.8)
Proof. The Kobayashi distance between 1− 1/N and 1− 1/n is
1
2
[log(
2− 1/n
1/n
)− log(2− 1/N
1/N
)] =
1
2
log
n(2− 1/n)
N(2− 1/N) = m(N,n). (5.9)
We let s < 1 approach 1, and choose r = r(s) such that φr(z) =
z+r
1+rz maps
the point −s to 1 − 1/N . Then φr(Ds(0)) ⊂ D1/N (1 − 1/N). If we choose
s˜ < s such that the Kobayashi distance between s˜ and s is m(N,n) then
φr(−s˜) = 1 − 1/n and any point in D1/n(1 − 1/n) is eventually contained
in φr(Ds˜(0)) as s → 1. This shows that the Kobayashi distance from any
point in D1/n(1 − 1/n) to the complement of D1/N (1 − 1/N) is at least
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m(N,n). By the injectivity of f on D1/N (1 − 1/N) this means that Γ
cannot identify a point z ∈ D1/n(1 − 1/n) with a point closer too it than
m(N,n). Choosing another universal covering map f˜ with f˜(0) = z this
means precisely (5.8). 
Now for each n > N we define
Un := (∪ζ∈END1−1/n((1− 1/n)ζ)) ∪D1−1/n(0). (5.10)
Then for each n the domain Un is simply connected, and we let ϕn : △→ Un
be a Riemann map with ϕ(0) = 0. Set fn := f ◦ ϕn and Gn = log 1|ϕ−1n | .
Now for 0 < r < 1 we define a (1,1)-current Gr on △ by
〈Gr, ω〉 :=
∫
△
log+(
r
|ζ|)ω, (5.11)
where ω is a (1, 1)-form, and then Tn,r := (fn)∗Gr. As before we want to
show that ‖Tn,r‖ → ∞ as r → 1. In that case any cluster point Tn of
{ Tn,r‖Tn,r‖} as r→ 1 will be ∂∂-closed, and so its support is a Riemann surface
lamination Xn ⊂ X. By the previous lemma and upper semi-continuity of β
on all leaves without holonomy in Xn, we have that β ≥ M(N,n) on these
leaves. Finally we may consider a cluster point T of {Tn}.
So we fix a positive smooth test form ω of type (1, 1) and estimate
〈Tn,r, ω〉 =
∫
△
log+(
r
|ζ|)f
∗
nω =
∫
△
(ϕn)∗(log+(
r
|ζ|)f
∗
nω)
=
∫
Un
log+(
r
|ϕ−1n (z)|
)f∗ω.
To get the unbounded mass we need to show that∫
Un
log | 1
ϕ−1n (z)
|f∗ω =
∫
Un
Gn(z)f
∗ω ∼
∫
Un
Gn(z)|f ′(z)|2dV =∞, (5.12)
where Gn is the Green’s function on Un. Now by [11] there exists a constant
c0 > 0 such that |f ′(seiθ)| ≤ c01−s for all seiθ and for each compact set K ⊂
X \ E there is a constant cK such that |f ′(seiθ)| ≥ cK1−s when f(seiθ) ∈ K.
Set
A := {eiθ : lim
s→1
f(seiθ) ∈ E}. (5.13)
By [12] page 951 we have that A has measure zero, and so there exists a set
A˜ ⊂ EN of positive measure and ǫ > 0, such that for all eiθ ∈ A˜, we have
that dist(f(seiθ), E) > ǫ for infinitely many s→ 1.
By Harnack’s inequality there exists a constant c1 > 0 such that for all
ζ ∈ EN we have that Gn(sζ) ≥ c1 · (1− s). By Fubini’s Theorem it suffices
for us to show that ∫ 1
0
(1− s)|f ′(seiθ)|2ds =∞, (5.14)
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for eiθ ∈ A˜. Fix c2 > 0 such that |f ′(ζ)| ≥ c21−|ζ| for all ζ with dist(f(ζ), E) ≥
ǫ/2. Then if dist(f(seiθ), E) ≥ ǫ/2 for s ∈ [a, b] we have that
∫ b
a
(1− s)|f ′(seiθ)|2ds ≥
∫ b
a
c2
1− sds. (5.15)
Fix eiθ ∈ A˜. If dist(f(seiθ), E) ≥ ǫ/2 for all s close enough to one, it
is clear that (5.14) is infinite. So we have to consider the case where
dist(f(seiθ), E) < ǫ/2 for infinitely many s. Then we may choose a sequence
a1 < b1 < a2 < b2 < · · · < aj < bj < ··, such that dist(f(ajeiθ), E) < ǫ/2
and dist(f(bje
iθ), E) ≥ ǫ. So
∞∑
j=1
∫ bj
aj
1
1− sds =∞. (5.16)

6. Examples and applications
Example 6.1. We will construct a hyperbolic Riemann surface lamination
such that the generic leaf is the disk, while the rest, countably many, are
annuli. Let Γ be a Fuchsian group such that△/Γ is a compact Riemann sur-
face of genus greater than one, and let ι : Γ→ Diff(S1) be a representation
of Γ given by the identity map, i.e., we simply restrict Γ to S1. Let X be the
quotient of △×S1 by the group consisting of elements (γ, ι(γ)) with γ ∈ Γ.
Fix s ∈ S1 and consider the image of △s = △× {s} in X. For two points
(ζ1, s) and (ζ2, s) to be identified in X we need γ ∈ Γ such that γ(ζ1) = ζ2
and γ(s) = s. So △s is mapped injectively into X for all wandering points
s. These are all but countably many points. For a periodic point s we let
Γs be the isotropy subgroup of {s}, and we get that △/Γs injects into X.
That the rest of the leafs are annuli follows from the following lemma.
Lemma 6.2. Let Γ be a hyperbolic Fuchsian group, i.e., all elements have
two fixed points on b△, and let s ∈ b△. Then the isotropy group Γs is either
empty or generated by a single element.
Proof. Assume that Γs is not empty, and fix γ1 ∈ Γs. After conjugation, we
may assume that s = −1, and that the other fixed point of γ1 is 1. We first
claim that for any other γ2 ∈ Γs the point 1 is also a fixed point. If not,
let p /∈ {−1, 1} be a fixed point for γ2. Assuming that 1 is attracting for γ1
we set pj := γ
j
1(p) to obtain a sequence of points pj converging to 1. Set
σj := γ
j
1 ◦ γ2 ◦ γ−j1 . Then σj has fixed points −1 and pj , and all maps have
the same multipliers ±λ, those of γ2. So the sequence σj converges to the
map fixing ±1 and with multipliers ±λ. But since pj is never equal to one
this contradicts the discreteness of Γ.
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So all elements of Γs is of the form
γr(z) =
z + r
1 + rz
, (6.1)
with r real. Discreteness of Γ implies that there is a smallest positive r such
that γr is in the group, and we claim that this element generates Γs. Assume
to get a contradiction that σ ∈ Γs is not in [γr], and that σ(0) > 0. Since
σ(0) > γr(0) there exists a largest integer k > 0 such that γ
k
r (0) < σ(0).
Then
σ−1(γk+1r (0)) = dM(σ(0), γ
k+1
r (0)) < dM(γ
k
r (0), γ
k+1
r (0)) = γr(0), (6.2)
which contradicts the minimality of γr.

Although, as we just have seen, there exist hyperbolic laminations for
which there is a countable dense set of leaves which are annuli, the following
shows that the set of annuli cannot be too large:
Proposition 6.3. Let (X,L) be a minimal compact foliated metric space,
such that a residual set S of leaves have finite genus and at most countably
many ends. Then if a generic leaf is not a topological disk, there is no
leafwise complex structure on X such that all leaves are hyperbolic.
Proof. Assume that there is a hyperbolic structure on X, and let L be a
leaf of finite genus and at most countably many ends. Then by [18] L is
isomorphic to to a domain Ω ⊂ Y , where Y is a compact Riemann surface,
and all boundary components of bΩ are smooth or points. Since there are
only countably many boundary components, there is an isolated component,
and since (X,L) is non-singular, this component cannot be a point, since
we would find arbitrarily Kobayashi short non-trivial loops in L. So the
limit set Λ(Γ) of the group Γ associated to L is different from b△, and so
by Theorem 4.1, the remark following it, and the proof of Theorem 1.2, the
generic leaf is a disk. A contradiction.

By considering for instance suspensions over tori, there are Riemann sur-
face laminations all of whose leaves are topological cylinders, in this case all
of them conformally isomorphic to C∗; the point is that you can never give
such a foliation a hyperbolic structure.
Example 6.4. Let △/Γ be a compact Riemann surface of genus two. Then
Γ has four generators a1, b1, a2, b2, and we have the relation
a1b1a
−1
1 b
−1
1 a2b2a
−1
2 b
−1
2 = id, (6.3)
and (6.3) is the only relation. This means that we may define a group
homomorphism φ : Γ→ Γ by
φ(a1) = a1, φ(b1) = a1, φ(a2) = a2, and φ(b2) = a2.
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Now let Γ˜ be the group consisting of elements (γ, φ(γ)), γ ∈ Γ, acting on
△×S1. Let X = (△×S1)/Γ˜ denote the quotient with a natural projection
π : X → Y = △/Γ. The leaves of the foliation on X are the images of disks
△s = △ × {s} via the quotient map defined by Γ˜. As in Example 6.1 the
image of △s is biholomorphic to △/Γs where Γs is the stabiliser
Γs := {γ ∈ Γ : φ(γ)(s) = s}. (6.5)
For all but countably many s we have that Γs is simply Ker(φ), this is the set
of wandering points s. So the generic leaf is not only of a fixed topological
type; all but countably many leaves have the same conformal type △/Γs. In
fact, if T is a transversal and L1 and L2 are two such leaves passing through
points t1, t2 ∈ T , there is a biholomorphism g : L1 → L2 with g(t1) = t2.
This means that for a point y ∈ Y , the functions α, β and ρ are constant
on the intersection of π−1(y) with the set G of generic leaves, i.e., on G the
functions α, β and ρ are functions on Y , and there they are continuous. So
both their suprema and infima will actually be reached on G, and it is clear
that the supremum is not one. Moreover, since Ker(φ) ⊂ Γs for all s, the
supremum is in fact a strict supremum on X.
Example 6.5. Let (X,L, E) be a holomorphic foliation on P2 with hyper-
bolic singularities. Then for any point e ∈ E there exists a sequence zj → e
such that ρ(zj) → 1. For simplicity we assume that near a point e the
foliation is defined by the vector field X(z) = ∂∂z1 + λ
∂
∂z2
, so that integral
curves are given by φ(x0,y0)(z) = (x0e
z, y0e
λz). To construct large injective
Kobayashi disks, we consider first annuli in the separatrix {z2 = 0}. For any
M > 0 there exist real numbers a < x0 < b, with b arbitrarily small, such
that any curve γ ⊂ A(a, b) connecting x0 and bA(a, b) has Kobayashi length
at least M . Furthermore, we may choose an integer N , such that any curve
starting at x0 and circling the origin N times has Kobayashi length at least
M .
Now consider
S = {z ∈ C : log a < Re(z) < log b,−2πN < Im(z) < 2πN}. (6.6)
If y0 > 0 is chosen small enough, then φ(1,y0) : S → X is an injective
parametrisation of a piece of a leaf, and there is a 2N − 1 covering map
π1 : φ1,y0(S) → A(a, b). Now if y0 is small enough, the Kobayashi length
of a curve γ in φx0,y0(S) is roughly the same as π1(γ), by the continuity
of the Kobayashi metric. If a loop γ based at (x0, y0) is non-trivial, then
either π1(γ) will have to leave A(a, b), or it has to circle the origin at least
N times. So its Kobayashi length is at least M .
Example 6.6. We will construct a Fuchsian group Γ such that the following
holds:
(i) Λ(Γ) = b△,
(ii) L = △/Γ has a Cantor set of ends,
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(iii) There is a set F ⊂ b△ of full measure, such that for each ζ ∈ F
there is a horocycle Dr((1 − r)ζ) on which the universal covering
map f : △→ L is injective.
In particular, if L were a leaf of a generic foliation on P2, the generic leaf of
the unique minimal set would be biholomorphic to the unit disk.
The construction will be along the lines described in the next section. Let
γ1 by an element of the form (7.2) and set Γ1 = [γ1]. The limit set Λ(Γ1)
consists of two points, and we may choose a closed set F1 ⊂ b△ \ Λ(Γ1) of
length 2π − 1 and an r1 > 0 such that for each point ζ ∈ F 11 , the group Γ1
does not identify points on the horocycle Dr((1− r)ζ).
To construct γ2 we write bΩ1 ∩ b△ = c11 ∪ c21, a union of two arcs. Choose
a1 ∈ c11 such that a1 divides c11 into two pieces of the same length. For
any ǫ2 > 0 there exists γ2 with a fundamental domain Ω2 such that D2 =
△\Ω2 ⊂ Dǫ2(a1). Set Γ2 = [Γ1, γ2]. Then Γ2 makes no further identifications
on △ \Dǫ2(a1), so for any δ2 > 0 we may choose ǫ2 small enough such that
there exists F 21 ⊂ F 11 of length 2π− 1− δ2, such that for each point ζ ∈ F 21 ,
the group Γ2 does not identify points on the horocycle Dr1((1− r1)ζ). Now
Λ(Γ2) has measure zero (see e.g. [1], Theorem 4), so there exists a closed set
F 12 ⊂ b△ of length 2π−1/2 not intersecting Λ(Γ2), and r2 > 0 such that for
each point ζ ∈ F 12 , the group Γ2 does not identify points on the horocycle
Dr2((1 − r2)ζ).
To construct γ3 we consider a point a2 ∈ c12, and repeat the argument
to find γ3, arbitrarily small δ3 > 0, and F
3
1 ⊂ F 21 , F 22 ⊂ F 12 , of length
2π − 1 − δ2 − δ3 and 2π − 1/2 − δ3 respectively, such that on F 31 one finds
injective horocycles of radius r1, and on F
2
2 one finds injective horocycles of
radius r2. Set Γ3 = [Γ2, γ3]. Again Λ(Γ3) has measure zero, so there exists a
closed set F 13 ⊂ △\Λ(Γ3) of length 2π− 1/3 on which we can find injective
horocycles of radius r3 > 0 for some r3 > 0.
At this point it is clear how to continue constructing γj , δj , F
l
i , rj such
that for each group Γm = {γ1, ...γm} with fundamental domain Ωm, we have
that
(i) Fm−i+1i has length 2π − 1/i−
∑m
j=i−1 δj ,
(ii) on each Fm−i+1i there are injective horocycles of radius ri for the
group Γm.
(iii) b(∩mΩm) contains no open interval on the intersection with b△.
7. A construction of infinite Fuchsian Groups
In this section we will describe a general inductive construction of an
infinite Fuchsian group.
Recall that a fundamental domain for Γ is an open set Ω ⊂ △ such that
all points in△ has its equivalent in Ω, and no two points in Ω are equivalent.
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A standard fundamental domain for Γ is
Ω := {z ∈ △ : [z, 0] < [z, γ(z)] for all γ 6= id}. (7.1)
Here [·, ·] denotes the Mo¨bius distance.
Recall that an element γ ∈ Authol△ is hyperbolic if it has exactly two
fixed points on b△. Our basic example is a mapping
γ(ζ) =
ζ + r
1 + rζ
, (7.2)
and it is easy to see that any hyperbolic element is conjugate to a mapping
on the form (7.2).
If we let l+ denote the geodesic connecting e
i(pi
2
−arcsin r) and ei(arcsin r−
pi
2
),
and let l− denote the geodesic connectingei(
pi
2
+arcsin r) and ei(− arcsin r−
pi
2
), the
fundamental domain Ω for Γ = [γ] is the domain in △ bounded by l+ and l−.
The lines l± are geodesics passing through the points 1−
√
1−r2
r and
√
1−r2−1
r
on the real line, and the two lines are identified by γ1, making △/Γ an
annulus. Denote by D1 and D2 the two connected components of △ \Ω.
We may now describe an inductive procedure to construct an infinite
Fuchsian group. Assume that we have constructed hyperbolic elements
γ1, ..., γn, such that Γm = [γ1, ..., γm] is a Fuchsian group with fundamental
domain Ωm, such that bΩm ∩ b△ consists of a union of arcs, i.e., the under-
lying Riemann surface Lm = △/Γm is a bordered Riemann surface. Let a
be an interior point of one of the boundary arcs in bΩm ∩ b△, and choose
0 < ǫm << 1. It is clear that there exists a Mo¨bius transformation φ(z) such
that if we define γm+1(z) = φ
−1(γ(φ(z))), then [γm+1] has a fundamental
domain Um+1 with△\Um+1 ⊂ Dǫm(a). It follows from Lemma 7.1 that if ǫm
is sufficiently small, then [Γm, γm+1] is a Fuchsian group with fundamental
domain Ωm ∩ Um+1. Set Γ = [γ1, γ2, ...] for a sequence defined inductively
like this. If ǫm ց 0 sufficiently fast, it is easy to see that Γ(Ω) = △, where
Ω = ∩mΩm, since Γm(Ωm) = △, and so the argument in the proof of Lemma
7.1 gives the discreteness of Γ.
Lemma 7.1. Let Γ be a finitely generated hyperbolic Fuchsian group with
fundamental domain Ω. Furthermore, let γ ∈ Authol△ by a hyperbolic ele-
ment with a fundamental domain U such that D = △\U ⊂ Ω, the boundary
bU is contained in Ω, and such that bU ∩△ is bounded away from bΩ ∩△.
Then Γ˜ = [Γ, γ] is a hyperbolic Fuchsian group, with a fundamental domain
Ω˜ = Ω ∩ U .
Proof. We will first show that if p ∈ Ω˜ and if γ(p) = p for γ ∈ Γ˜, then
γ = id. Assume first that p ∈ bΩ˜, and furthermore that p ∈ bΩ. Choose
δ > 0 such that Γ(Bδ(p)) ∩D = ∅. Write
γk ◦ γk−1 ◦ · · · ◦ γ1, (7.3)
where the γj ’s alter in belonging to either Γ or [γ], and non of them are the
identity map. Assume first that γ1 ∈ Γ. Then by our assumption above, we
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have that γ2(γ1(Bδ(p))) ⊂ D. We now prove by induction that for anym ≥ 1
we have that γ2m ◦ · · · ◦ γ1(Bδ(p)) ⊂ D, and γ2m+1 ◦ · · · ◦ γ1(Bδ(p)) ⊂ △\Ω.
If the first claim holds for some m then clearly the second claim holds, since
a non-trivial element of Γ will map D outside Ω, Ω being a fundamental
domain for Γ and D ⊂ Ω. By the same reasoning, if the second claim holds
for some m, then the first claim holds for m+ 1. So γ cannot have a fixed
point. Similar arguments work if p ∈ Ω˜ or p ∈ bU .
Next we let p ∈ △. We now show that if γj ∈ Ω˜ for j = 1, 2, ..., and if
γj(p) → q ∈ Ω˜, then γj = id for j ≥ N , for some N > 0. Assume that
q ∈ bΩ, the case q ∈ bU will be completely analagous. Choose δ > 0 such
that Γ(Bδ(q)) ∩ D = ∅. We will consider the maps αj = γj+1γ−1j , such
that, setting qj = γj(p), we have qj → q and αj(qj) = qj+1. Now if αj is
eventually in Γ for large j, then αj = id for large j. So γj = γj+1 for large
j, hence γj(q) = q for large j, and so γj = id for large j, since no other
element of [Γ, γ] can fix an element of Ω˜.
We may finally show that Γ˜ is discrete. Assume that γj ∈ Γ˜ and γj →
γ ∈ Authol△. Then γj(0) → γ(0). By the lemma below there exists φ ∈ Γ˜
such that φ(γ(0)) ∈ Ω˜, and so φ ◦ γj(0)→ q ∈ Ω˜. So φ ◦ γj = id for large j.

Lemma 7.2. Let Γ be a finitely generated hyperbolic Fuchsian group with
fundamental domain Ω. Furthermore, let γ by a hyperbolic element with a
fundamental domain U such that the complement △ \ U is contained in Ω.
Then [Γ, γ](Ω′) = △, where Ω′ = Ω ∩ U .
Proof. Let A1, A2 denote the two components of △\U ; these are the inter-
section of △ and two disjoint euclidean disks D1 and D2 in C. It suffices to
show that U ⊂ [Γ, γ](Ω). We consider what we can reach with compositions
γk ◦ γk−1 ◦ · · · ◦ γ1, (7.4)
where the γj ’s alter in belonging to Γ and [γ], and γ1 ∈ Γ, and we let Ak
denote the set of points we can reach with a composition of length k. Note
first that A1 is all of U except the full orbit F1 = Γ(A) where A = A1 ∪A2.
Next, by composing by elements of [γ] we can reach all points in A except
the full orbit F2 = [γ](F1), but no additional points in U . But now F2 is
a countable family of pieces of Euclidean disks contained in A, and A3 will
consist of all points in U except the full orbit F3 = Γ(F2). Continuing in
this fashion we get a family F2i−1 of open sets, F2i+1 ⊂ F2i−1, each F2i−1
is a countable family of pieces of Euclidean disk, each disk splitting into a
countable family of smaller disks in the next F2i+1.
Next, assume to get a contradiction that ∩iF2i−1 is not empty. This
means that there exists a sequence
αj := γ2j−1 ◦ γ2j−2 ◦ · · · ◦ γ1, (7.5)
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such that the images αj(A1) (or A2) decrease to a nontrivial intersection of
△ with a a Euclidean disk D3 ⊂ C. We may now assume that αj → α :
D1 → D3 uniformly on compacts. Now α cannot be constant, otherwise
αj(A1) could not decrease to a nontrivial intersection with △, hence α is
a biholomorphism. Then for any composition β := γ˜2γ˜1 with γ˜1 ∈ Γ and
γ˜2 ∈ [γ] such that β(D1) ⊂⊂ D1 we get that α(β(D1)) ⊂⊂ D3, and so for a
large enough j we have that αj(β(D1)) ⊂⊂ D3. This is a contradiction.

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